This paper aims to prove the correspondence between the existence of a symmetric nondegenerate and invariant bilinear form on a Lie triple systems or a Jordan triple system and the semisimplicity of its structure. Moreover, many results concerning the Lie and the Jordan triple systems are proved.
Introduction
The main topic of this paper is finite-dimensional Jordan triple systems and Lie triple systems over a field of characteristic not two. A triple system as it is considered in this paper is a finite-dimensional linear space V together with a trilinear map (·, ·, ·) : V × V × V → V. A bilinear form B of a triple system V is said to be invariant or associative if B((x, y, z), u) = B(x, (u, z, y)) = B(z, (y, x, u)). A triple system is said to be a Jordan triple system if the trilinear map satisfies the following identities:
{x, y, z} = {z, y, x} {x, y, {u, v, w}} − {u, v, {x, y, w}} = {{x, y, u}, v, w} − {u, {y, x, v}, w}.
The theory of Jordan triple systems is developed in [5] , [6] , [8] , [9] . A Lie triple system is a triple system with the trilinear map satisfies the following identities: for a more general class of triple systems see [7] .
We say that a Lie triple system L is quadratic, if it is equipped with a symmetric nondegenerate bilinear form B which satisfies B([x, y, z], u) = B(z, [y, x, u]) for all x, y, z ∈ L. See for example [1] . In physics, quadratic Lie triple systems appear in many different contexts. Let us mention a few of them. Lie triple systems can be used to construct solutions of the Yang-Baxter equation which appears in many subjects from statistical mechanics, exactly solvable two-dimensional field theory, the quantum group, Hopf algebra and the braid group (see [10] ). On the other hand, Lie triple systems give rise to Z/2Z-graded Lie algebras ( [3] , [4] ) which are exactly the kind of Lie algebras associated to symmetric spaces.
We aim to give a correspondence between the existence of a symmetric nondegenerate and invariant bilinear form on a Lie triple systems or a Jordan triple system and the semisimplicity of its structure. The main theorem of this paper is Theorem2.10.
Lie and Jordan triple systems
We begin this by fixing notation and recalling some basic inequalities concerning Lie triple systems and Jordan triple systems. Most material is quite standard and we help the reader with some references for details. The following results of hold for Lie triple systems and also for Jordan triple systems. We often delete the adjectives Jordan and Lie. Definition 1. Let V be a triple system.
The linear maps L(a, b) ( resp.R(a, b) ) are called the left ( resp.right ) multiplications of V.
2. An endomorphism D of V is said to be a derivation if
The set of all derivation of V is denoted by Der(V). 
(1) is a triple system. In this case W is called a V−module.
It was proved in [11] that if B is a symmetric and right invariant bilinear
. Therefore, a symmetric bilinear form B is invariant if and only if it is right invariant.
2. Let (V, B) be a triple system and W a linear space. A representation (r, l) of V in W is said to be B−antisymmetric if
Proposition 2.2.
[2] Let V be a triple system, and W, W be two vector spaces.
1. If R is the right multiplication of V and V is the left multiplication of V, then the pair (R, L) is a representation of V into itself called the regular representation of V.
2. Let (R, L) be the regular representation of V.
Definition 3. Let V be a triple system and W, W be two vector spaces. Two representations (r 1 , l 1 ) ∈ Rep(V, W) and (r 2 , l 2 ) ∈ Rep(V, W ) are called equivalent if there exist an isomorphism of vector spaces φ : W −→ W such that 
Definition 4. Let (V, ( , )) be a triple system. We define the descending series
, ∀n ∈ N and the ascending series
If there exists n ∈ N such that V n = {0} (resp. V (n) = {0}), then J is called solvable (resp. nilpotent).
Definition 5. Let V be a triple system and B be an invariant scalar product on V.
1. An ideal U of V is a subspace of J which satisfies (U, V, V) + (V, U, V) ⊆ U.
2. An ideal U of V is said to be:
(a) Abelian if {U, U, U} = {0}.
(b) Solvable (resp. nipotent) if it is solvable (resp. nilpotent) as a Jordan triple system.
(c) Nondegenerate (resp. degenerate) if B | U ×U is nondegenerate (resp. degenerate).
The largest solvable ideal of V is called the radical of V and denoted
Rad(V).
The triple system (V, B) is called
(a) Semi-simple if it has no non trivial solvable ideal. That is Rad(V) = {0}.
(b) B-irreducible, if V contains no non-trivial nondegenerate ideal.
The following lemma is straightforward.
Lemma 2.4. Let (V, B) be a triple system and U be an ideal of V. Then,
(ii) If U is nondegenerate, then J = U U ⊥ and U ⊥ is also nondegenerate.
V i where r ∈ N and such that for i ∈ {1, . . . , r},
(ii) V i is B−irreducible as a triple system.
(ii) For i = j and (x, y) ∈ V i × V j , we have B(x, y) = 0.
Proof. We precede by induction on n = dim(V). If n = 1, then the assertion is true. Suppose that every triple system of dimension less than n satisfies the proposition. Let (V, B) be a triple system of dimension n + 1. If V does not contain any non trivial nondegenerate ideal, then the assertion is true for r = 1. If not, let I be a non trivial nondegenerate ideal of V. By the Lemma 2.4, V = I I ⊥ . The result follows by applying the induction to I and I ⊥ . 2 Proposition 2.6. Let (V, B) be a semi-simple triple system and consider the
V i of V as in the Lemma 2.5.
(i) If I is a simple ideal of V, then there exists i 0 ∈ {1, . . . , r} such that
(ii) For i ∈ {1, . . . , r}, V i is simple.
Proof.
(i) Let I be a non-trivial simple ideal of V. Assume that for all i ∈ {1, . . . , r} we have
{I, I, I} = 0 and I is solvable. Hence, there exists i 0 ∈ {1, . . . , r} such that I ∩ V i 0 = {0}. Since I ∩ V i 0 is an ideal of I and I is simple, then I ∩ V i 0 = I. So, I ⊆ V i 0 . The fact that V i 0 is B−irreducible and I is nondegenerate, implies that I = V i 0 .
(ii) Suppose that there exists i ∈ {1, . . . , r} such that V i is not simple. Then, without lost of generality, we may write V = (
where for 1 ≤ i ≤ s, V i is simple and V i is not simple for s + 1 ≤ i ≤ r. Since V is semi-simple, then we can consider the decomposition
the direct sum of its simple ideals. The assertion (i) implies that s = l = r. 2
The previous Proposition shows that, in the case of semisimples triples systems, the decomposition into the direct sum of orthogonal nondegenerate ideals coincides with the decomposition into a direct sum of simple ideals. Thus,
Consequently, ρ is invariant.
Theorem 2.9. Let L be a Lie triple system. Then, L is nilpotent if and only if π(x, y) is nilpotent for all finite dimension representation (π, V) of L and for all x, y ∈ L.
Proof. Consider the linear spaceL := L ⊕ V endowed with the bracket
Denote by Rad(L) the largest solvable ideal ofL. Since V is an ideal ofL such
Suppose thatL is not nilpotent. Then there exists a semisimmple subalgebra S ofL such thatL = S ⊕ Rad(L).
Let Φ :L →L/V the canonical surjection. Since S ∩ V = {0}, then Φ : S −→ Φ(S) is an isomorphism. Which implies that Φ(S) is semisimple. Moreover, L is nilpotent and thus L/V is also nilpotent. Thus, Φ(S) is nilpotent and vanish. Consequently, S ⊂ V and thus S = 0. Which implies thatL is nilpotent. Hence, π(x, y) is nilpotent for all x, y ∈ L. For the converse, we consider the adjoint representation R. is nondegenerate.
Proof. If L is semisimple, the the trace form is non degenerate. Conversely, suppose that there exists a representation π of L such that the bilinear form ρ : L × L → K defined by: ρ(x, y) := tr(π(x, y) + π(y, x)) is nondegenerate. Let x ∈ L and r ∈ Rad(L). Then ρ(x, r) = tr(π(x, r) + π(r, x)) = 0, because π(x, r) is nilpotent. Thus, r = 0 and Rad(L) = {0}. Which implies that L is nilpotent.
